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Abstract 

For a system of two measures supported on a starlike set in the complex plane, we study asymptotic properties of 
associated multiple orthogonal polynomials Q„ and their recurrence coefficients. These measures are assumed to 
form a Nikishin-type system, and the polynomials Q„ satisfy a three-term recurrence relation of order three with 
positive coefficients. Under certain assumptions on the orthogonality measures, we prove that the sequence of ratios 
\Qn+\IQn} has four different periodic limits, and we describe these limits in terms of a conformal representation of a 
compact Riemann surface. Several relations are found involving these limiting functions and the limiting values of 
the recurrence coefficients. We also study the nth root asymptotic behavior and zero asymptotic distribution of Q n . 
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1. Introduction and statement of main results 

This work was motivated by recent investigations of Aptekarev et al. [2] on asymptotic properties of monic 
polynomials Q n generated by the higher-order three-term recurrence relation 

zQn = Qn+\ + a„Qn-p, « > P, P 6 N, fl„ > 0, (1) 

with initial conditions 

Qj(z)=z j , j = 0,...,p. (2) 
In J2l, strong asymptotics of Q n was studied assuming that the recurrence coefficients satisfy 

oo 

^ \a„ — a\ < oo, a > 0. (3) 

An important element in the asymptotic analysis of the polynomials Q„ is the starlike set 

p 



So := (J exp(2nik/(p + 1)) [0, a], a := [(p + \)l p pKp+l) ]a llip+l 



In fact, 12, Theorem 7.2] asserts that 



lim ^"^ Z = F[)(z), uniformly on compact subsets of C \ So, 

" w"(z) 
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where wq(z) is the unique branch of the algebraic equation w p+1 - zw p + a = that is meromorphic at infinity and has 
an analytic continuation in C \ So- 

We remark that notable families of polynomials satisfy ([TJ in the constant coefficients case, for example the 
classical monic Tchebyshev polynomials T„(x) = 2 cos «(cos _1 (jh:/2)) for the segment [-2,2] (p — \,a„ — 1 for all 
n). More generally, it was shown by He and Saff [9] that the Faber polynomials associated with the closed domain 
bounded by the (p + l)-cusped hypocycloid with parametric equation 

Z = exp(/ 0) + - exp(-/? i0), < < 2n, p > 2, 
P 

are also generated by the recurrence relation (Q]) with constant coefficients a n = a = l/p, and their zeros are contained 
in So. Many other properties of the zeros of these Faber polynomials were obtained in |@] and 10]. 

Using operator theoretic techniques, in ^ it was proved that the polynomials Q„ generated by ([TJ-© are in fact 
multiple orthogonal polynomials with respect to a system of p measures supported on 



(J exp(27r/fc/(p + 1)) [0,oo). 



Moreover, if (fJJ holds then the orthogonality measures have a specific hierarchy structure; they form a Nikishin- 
type system (see Section 8 and Theorem 9.1 in [2]). This system is the system of spectral measures of the banded 
Hessenberg operator (with only two nonzero diagonals) associated with ([TJ. 

In this paper we study, among other topics, ratio and nth root asymptotics of multiple orthogonal polynomials 
associated with a Nikishin-type system of two measures (p=2) supported on a star, starting from assumptions on 
these measures of orthogonality. For simplicity we assume that these measures are given by weights. Under similar 
assumptions, analogous results can be obtained for general measures. We start with the definition of the orthogonality 
weights and the associated polynomials. 

Let 

2 

So := [J exp(2mk/3) [0,a], < a < oo. 

We emphasize that a is here arbitrary. Assume that si is a complex-valued function defined on So, such that 

si > on (0,00, ii e L l (Q,a), 
si(e^z) = e^si(z), z e So \ {0, a, e^a, e^a). (4) 

Set 

9 r a s 2 (t) 

f(z):=z 2 -TZ^dt* 0<a<fo<oo, 

where 52 is a non-negative integrable function defined on [-b, -a]. We assume of course that s\(t) dt, 52(f) dt + 0. 
Let \ Q n }™ = o be the sequence of monic polynomials of lowest degree that satisfy the following conditions: 

f Q 2 „(t)t k s x (t)dt = 0, k = 0,...,n-l, (5) 

•JSo 

f Q2,At)t k f(t) si(t)dt = 0, k = Q,...,n-l, (6) 



Qi„ + i(t)^si(t)dt = 0, k = 0,...,n, (7) 



f Q^ + i(t)t k f(t)s 1 (t)dt = 0, t = 0,...,n-l. (8) 
These are the polynomials whose algebraic and asymptotic properties we investigate. 
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Proposition 1.1. The degree of each polynomial Q n is maximal, i.e. deg Q n — n. Moreover, if n — 3j, then Q„ has 
exactly j simple zeros on the interval (0, a). If n — 3j + 1, then Q n has a simple zero at the origin and j simple zeros 
on (0, a). Finally, if n — 3j + 2, then Q„ has a double zero at the origin and j simple zeros on (0, a). The remaining 
zeros of Q„ are located on the rays exp(2ni/ 3) (0, a), exp(47n'/3) (0, a), and are rotations of the zeros on (0, a). 

Proposition 1.2. The monic polynomials Q„ satisfy the following three-term recurrence relation 

zQ n = Qn+\ + a„Q„-2, n>2, a„ € R, (9) 

where 

Qj(z) = z j , ; = 0,1,2. (10) 

The coefficients a n are given by the formulas 

£ f Qinit) s x {t) dt £ t" Qm+dO fit) Si (f) dt 

ain - -75 ; . 02«+i - -75 ; ■ (11) 

Jo t"- 1 Q 2 n-2(t) Si (t) dt | Q t»-i Q 2n -i (t) f{t) Sl (t) dt 

Moreover, a„ > Ofor all n > 2. 

Propositions 11.11 and 11.21 are proved in Section|2] Let 



Js t~: 



%,L-):= J ^Si(t)dt. 



The functions *P„ (usually called functions of second type) satisfy: 

f ¥„6#(C\S ), 
*2»(Z) = 0(l/z" +1 ), Z^™, (12) 
^2„ + l(z) = 0(l/z" +2 ), Z^oo. 

It is important for our analysis to determine the exact number of zeros of *¥„ outside So, and their location. The 
following result, proved in Section[3] gives the answers to these questions. 

Proposition 1.3. For each j € {0, 1, 2, 3, 5), the function ^bi+j has exactly 31 simple zeros in C \ So, of which I zeros 
are located in (—b, —a), and the remaining 21 zeros are rotations of these I zeros by angles of2n/3 and An/3; ^u+j 
has no other zeros in C \ So- The function ^61+4 has exactly 31 + 3 simple zeros in C \ So, of which I + 1 zeros are 
located in (—b, —a), and the remaining 21 + 2 zeros are rotations of these I + 1 zeros by angles of2n/3 and An 13; ^(,1+4 
has no other zeros in C \ So- 

Notation: Let Q„ 2 denote the monic polynomial whose zeros coincide with the zeros of in C \ So- 
The following result asserts that for consecutive values of n, the zeros of Q„ interlace, and the same is true for the 
zeros of g«,2- 

Theorem 1.4. For every n > 0, the polynomials Q„ and Q„+i do not have any common zeros in So \ {0}. Moreover, 
there is exactly one zero of Q n +i between two consecutive zeros of Q n in (0, a). Conversely, there is exactly one zero 
of Qn between two consecutive zeros of Q n +i in (0, a). 

Additionally, for every n > 0, the functions and ^n+i do not have any common zeros in Si. There is exactly 
one zero o/ v F„ + i between two consecutive zeros of^Vn in (-b, —a), and vice versa. 

Theorem 1 1.41 is proved in Section [4] We can determine exactly how the zeros of Q„ interlace, thanks to the fact 
that the recurrence coefficients a„ are all positive (see Proposition l4.2l in Section|4]i. 

We next describe the ratio asymptotics of the polynomials Q„ and Q„,2, and the limiting behavior of the recurrence 
coefficients a n . By Propositions 11.11 and 11.31 for some polynomials P n and P, h 2 we may write: 

Qik(T) = P 3k (T 3 ), Q3k + l(T) = T/Wr 3 ), Q 3k+ 2(T) = T 2 P 3k+2 ( T \ (13) 
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Let 



6«,2(r) = P„, 2 (r 3 ). 

2 

Si :- exp(2mk/3) [—b, -a]. 



(14) 
(15) 



fc=0 



Theorem 1.5. Assume that s\ > a.e. on [0, a] and S2 > a.e. on [—b, —a]. Then, for each i e {0, . . . , 5), the 
following limits hold: 



lim — — — = F ; (z), zeC\[0,Qf J ], 

k^oc P 6k+i (z) 



r P6*+i+l,2(z) 

lim — — = Fy(z), 



zeC\[-a\-b 3 l 



k ^°° P6k+i,l(z) 

where convergence is uniform on compact subsets of the indicated regions. Moreover (cf. ©), 



lim a 6k+i - 



Cf, /or i £{0,1,3,4}, 



-C®, for ie{2,5), 



where 



Ff(z) 



1 + C ( 1 ' ) /z + 0(l/z z ), /or / 6 {0,1,3,4}, 



{ z + Cf + 0(\lz), for ie {2,5}, 



(16) 
(17) 

(18) 
(19) 



Zi the Laurent expansion at oo ofFy. Consequently, the limits 



,. Q.6k+i+l(z) —(,) 3 

lim -p. — r— =zF\'{z i ), 

k->°° Q6k+i{Z) 



lim 



Q6k +i+ l(z) FfV) 



*->°° Qek+i(z) z 2 

.. Q(,k+i+l,l{z) —(A. 3 

lim — ; 7— = Fy(z), 



zeC\S , i s {0,1,3,4}, 

zeC\S Q , ie{2,5], 
zeC\S u ie{0,...,5}, 



(20) 

(21) 
(22) 



66*+i,2(z) ' 2 

/ioW uniformly on compact subsets of the indicated regions. 

We also describe in Proposition l5 .8l (Section[5b the ratio asymptotic behavior of the functions of second type ¥„, as 
well as the ratio asymptotic behavior of the polynomials p n ,p n ,i defined in ( I106l l (these polynomials are "orthonormal 
versions" of the polynomials P„, P„ ^ defined in ([T3t-([T4"li. see Proposition l5.3b and their leading coefficients. 

Several relations can be established among the limiting functions Ff , F^ , and the limiting values of the recurrence 
coefficients (see also the boundary value properties described in Proposition l5.5b . 

Let us define 

" (0 •- lim a 6k+h < < 5. 



k— >oo 



Proposition 1.6. The following relations among the functions F . are valid: 





F?\z) = 






= zFf\z), 




(23) 




(3)H4) 
1 b \ ' 


FpF] 2) 


= *Wff 


p(2)p(?) 


= pf)p(0) t 


(24) 


1-Ff 


a® 


i-F< 4) 


fl < 4 > 


z-Ff\z) 




(25) 


\-Ff> 


~ a© ' 


1-F™ 




z-F?\z) 


" aP-) ' 




p(0) _ p(2) 
r 2 ~ r 2 ' 








(26) 



p(0)p(D _ pP)p(4) p(Dp(2) _ p(4)p(5) p(2)p(3) _ p(5)p(0) r97 >. 

2 2 — 2 2' 2 2 ~ 2 2' 2 2 ~ 2 2' 

Furthermore, the functions Fj , i € {0, . . . , 5), are a// distinct, and the functions F®, i e {0, 1 , 3, 4), are a/so distinct. 
For every i e {0, . . . , 5), a® > 0, and the following relations hold: 

flW> = flW f fl ( 3 ) = fl «, fl (°W> = flW+ fl < 4 \ (28) 

The following inequalities also hold: 

fl (°W 3 >, fl^^flW, flW^flf 3 ), flf^flW. 

In fact, we will show that a (4) > a (1) , and therefore d28l implies a (0) > a (3) (see Remark ROb . Theorem Q3] and 
Proposition ! 1.6l are proved in Section[5] 

We next describe the limiting functions F^ 1 ' in terms of a conformal representation of a compact Riemann surface. 
Let Aj := [0, or 3 ], and A2 := [-£> 3 , -a 3 ]. Consider the three-sheeted Riemann surface 



« = «oU«, WR 2 , 

formed by the consecutively "glued" sheets 

%:=C\Ai, Ki := C\(Ai U A 2 ), 7? 2 :=C\A 2 . (29) 
Since 7? has genus zero, there exists a unique conformal representation ifrofR onto C satisfying: 

^( Z ) = -2z/ fl 3 + 0(1), z->oo«sfti, (30) 

<A(z) = B/z + C(l/z 2 ), z^oo< 2 >e7? 2 , B ±0. (31) 

Here -a 3 is the right endpoint of A 2 . Let {i//k)l =0 denote the branches of tfr. 

Finally, given an arbitrary function H(z) that has in a neighborhood of infinity a Laurent expansion of the form 
H( z ) = Cz k + 0(z k ~ l ), C + 0, k e Z, we denote by H the function H/C. 

Theorem 1.7. The following representations are valid: 



- (0) = a^-aV ~ m = (0^-0% ~ m = z(a™ - a™) 

1 fl( )(Ao-fl (3) ' ' fl( 4 Vo-a (1) ' ' Z a (0 Vo(z) - a (3) ' 



F(3) = (flW-qffl)^) F(4) = a W- a W - (5) = z^-qffl)^^ 

1 a^Vo - a (3) ' ' a (4 Vo - ' ' * a (0 Vo(z) - a (3) ' 

^o )(z) = F (2 )(z) _ a^-a^zMzmiz) 



F?(z) = F»>(z) = 



(am - fl( 3 )wfVo(z)^2(z)/< ) )(a (0 ¥o(z) - « (3) )' 

a W( a (0)- a ( 3 ) )z ^ ( z) 

(flW> - a( 3 )wf ) tAo(z)iA2(z)/wf ) )(fl (0 Vo(z) - a (3) )' 



~<„ a (4) -a (1) ~™ a (4) -a (1) 

^(1) _ _ _ ^(4) _ " " 



2 Ma (4) >Po - - K> - l)/wfV 2 (flW<Ao - a (1) )(<Ai - - 1)/<V 

The constants a>® are f/;e reciprocals of the right-hand sides in the boundary value equations (1733l )-( f755l >. They can 
be written in terms of the limiting values a^ as follows: 

„(4) _ „U) „(<>) „(4) „(()) _ _(3) 

, .(0) _ 12) _ a a (3) _ X5) _ a m _ a (4) _ a ~ a 

1 1 fl(0) fl (4) ' ^1 ^1 fl C0)_ a (3)' U l fl (4)_ fl (D' W l ( fl (0))2 ■ 



Using Theorem 3.1 from [11], we can easily describe the cubic algebraic equation solved by iff. The coefficients 
of this equation can be computed exclusively in terms of the endpoints of the intervals Ai and A 2 . 



where 



Proposition 1.8. Let 

2b 3 2a 3 
A := — - 1, fi:=— + 1, (32) 

one/ Zef j6 one/ y be the unique solutions of the algebraic system 

208 + y)(3 -jSy -jS - y)(3 -j3y + /3 + y) + (A-ju)(/3 - y) 3 = 0, 
(/I + n) 2 (P - T) 6 = 4(3 + fty) 3 ( 1 - /3y)(2 + £ + y)(2 - p - J), 

satisfying the conditions — 1 < y < ft < 1. 77;en w — >J/(z) is the solution of the cubic equation 

3 r 2z 3 + 02-011 2 r 4z 2 2 + 2^ + 02-30^ 20, 

1-zl+z 4 v l - py ' 

©i = - c)(i - -&0- - y), 02 = \d + c)(i + +m + y), 

c awo" are f/ze solutions of the equation 

x 2 + (J3 + y)x+ ^~l )2 -3=0, 
1 -/3y 

satisfying c < — \,d > 1. 

Remark 1.9. Using (I33t ana! Theorem U .71 if is easy fo check that 

fl (0)_ fl (3) = _f!®2 =fl (4)_ a (l) 

4//(/3) 

Theorem ll.7l and Proposition ! 1 . 8 1 are proved in Section|6] We now describe the results on nth root asymptotics and 
zero asymptotic distribution for the polynomials 2« and £>«,2- First, we introduce certain definitions and notations. 

Given a compact set £ c C, let M\{E) denote the space of all probability Borel measures supported on E. If P is 
a polynomial of degree n, we indicate by ftp the associated normalized zero counting measure, i.e. 

fip := - V. 

P(x)=0 

where 5 v is the Dirac measure with unit mass at x (in the sum the zeros are repeated according to their multiplicity). 
If n € Mi{E), let 

Vfe) := f log — !— d/i(0, 

J k - f I 

and for a sequence {//„} c AliCE 1 ), /U„ — > fi refers to the convergence of fi„ in the weak-star topology to /j. 

Let E\,Ei be compact subsets of C, and let M = [cjjc] be a real, positive definite, symmetric matrix of order two. 
Given a vector measure fi = (p.\,H2) e Mi{E\) x MiCE^). we define the combined potential 

2 
k=\ 

and the constants 

of. :=M{W''(x):xeEj}, j = l,2. 

It is well-known (see [ 12, Chapter 5]) that if E\ , E2 are regular with respect to the Dirichlet problem, and > in 
case Ej HE^ + 0, then there exists a unique vector measure /7 = (ju^/^) e Afi(2?i) x Ati(2?2) satisfying the properties 
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Wj(x) = (J 1 - for all x e suppfju^), j = 1,2. The measure /i is called the vector equilibrium measure determined by the 

interaction matrix M on the system of compact sets (E\ , E2), and of x , (J^ are called the equilibrium constants. 

Let A\ be the positive, rotationally invariant measure on So whose restriction to the interval [0, a] coincides with 
the measure si(x) dx, and let A2 be the positive, rotationally invariant measure on S 1 whose restriction to the interval 
[—b, -a] coincides with the measure S2 (x) dx. 

Let Reg denote the space of regular measures in the sense of Stahl and Totik (see definition in E pg. 61]). The 
zero asymptotic distribution and nth root asymptotics for the polynomials P„ and P„ 2 can be described as follows: 

Theorem 1.10. Assume that the measures A\ and A2 are in the class Reg, and suppose that supp(/li) and supp(/l2) 
are regular for the Dirichlet problem. Then 



Hp, — -> p x e Mi(Ai), p P , a — » fi 2 G Mi(A 2 ), 

where Ji — Qj 1 , /7 2 ) is the vector equilibrium measure determined by the interaction matrix 

1 -1/4 
-1/4 1/4 

on the system of intervals (Ai, A2). Therefore, the limits 



lim \P„(z)\ 



l/L«/3j 



e 



-Vi (z) 



lim |P„, 2 (z)| 



1/L«/6J 



-V"2(Z) 



zeC\Ai, 
\A 2 , 



z e 



hold uniformly on compact subsets of the indicated regions. Moreover, 



lim 



P 2 6k+ j(r)dv 6k+j (T)) =e~<, for all j = 0,.. 
(f_ [ P 2 6k+ j,2(T)dv 6kH 2(T)f l2k = e-M, far all j = 0, 



(34) 

(35) 

(36) 
(37) 

(38) 
(39) 



where (a/\ (Ji) is the corresponding vector of equilibrium constants, and the varying measures dv^+j and dv^+j,2 ore 



defined in il08i below. 

Corollary 1.11. Under the same assumptions of Theorem 17.701 let /7 = (Ti^/T^) be the vector equilibrium measure 
determined by the interaction matrix i35\ on the system of intervals [0, a 3 ], [-b 3 , —a 3 ], and let {(J[, (J^) be the corre- 
sponding vector of equilibrium constants. Consider the probability measures &\ e A1i([0, a]) and§2 £ Ati([— b, — a]), 
defined as follows: 



■&\(E) :- Jl^E 3 ), £c[0,a], 



# 2 (£):=£ 2 0E 3 X Ec[-b,-a], 



where E 3 — {x 3 : x e E). If we denote by Zg n the set of all roots of Q„ on (0, a), and by Zq u , the set of all roots of 2«,2 
on (—b, —a), then 



1 * 1 

n f-* 3 



1 v~ i * 1 

n 6 

■ VEZ e„,2 



77ze limits 



II— >oo 



zeC\S , 
zeC\Si, 
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hold uniformly on compact subsets of the indicated regions. Finally, we have 

k ^>°° V Jo Q2k,l{t) ' 

i r a o tsi(t) 

lim Ql k+l(t )—^-dt) = 
lim( f Ql +2 (t) Sl(t) dt) 

k ^°° y J-b \Q3k(t)\ ' 

lim( 63^+2,2(0-^ dt) = 



where the functions h n are defined in M07\ {see also M09\ ). 

The following proposition provides a link between the results on ratio and nth root asymptotics. 
Proposition 1.12. Under the same assumptions of Theorem M .5\ the following relations hold: 

5 

2 



1 5 - 

vHz) = --£log|if(z)|, z € C \ [0,a 3 ], 



(40) 



i=0 

5 



VHz) = - J] log |/f fe)l, z € C \ [-b\ -a\ (41) 

!=0 

where (/Zj,/^) is f/ze vector equilibrium measure determined by the interaction matrix i35\ on the system of intervals 
[0,a 3 ],H? 3 ,-a 3 ]. 

Theorem 1 1 . 1 01 and Proposition 1 1.1 21 are proved in Section [7] Corollary 11.111 follows immediately from Theorem 
11.101 so we omit its proof. 

2. The polynomials Q„ 

Let 

2 

Si := |Jexp(27n/t/3)(-oo,0]. 

We may assume that s 2 = on (-00, 0] \ [-b, -a], and we extend s 2 to Si through the symmetry property 

s 2 (e^z) = e^s 2 (z), zeE t . (42) 

Then 



(43) 



3 J Sl f-z 3 J_ fe3 (z 3 -t)t 2 / j 
Proposition 2.1. The functions T*,, satisfy the following orthogonality conditions: 

0= f f v ^,,(0 52(0^, v = 0,...,n-l, (44) 
Jsi 

0= f f V( P 2 „ + i(f)^2(f)^ v = 0,...,n-l. (45) 
Js, 



Proof. IfO<v<n-l, applying the definition of and Fubini's theorem, we obtain 

J~ r r f - x v + x v r 
t vx ^2n{f) s 2 (t)dt = I Q2n(x)si(x) I s 2 (t) dt dx = I Q 2n (x)(p v (x) -3x v f(x)) si(x)dx, 
Si Js J.Si x ~t J So 

where p v is a polynomial of degree at most n - 2. Using (O)-©, ( l44t follows. The proof of d45b is identical. □ 

Proposition 2.2. Let Q„ be the monic polynomial of smallest degree satisfying the conditions ©-(IS}. Ifd n : — deg Q n , 

then 

Q n (e™z) = e^ Q„(z), Q„(z) = g„(z). (46) 

In particular, all the coefficients of Q n are real. Furthermore, for each < k < n — 1, 



Jo 



= I t k Q ln (t)(\ +e z " i(k+d ^ 3 +e 4ni(k+d2 " )/3 )si(t)dt, (47) 



and for each < k < n, 



= f ^22„(0(1 + e 2m '^ +2+ ^ 3 + e 4«iCH-2+*,)/3) il(f )/( f ) ^ (48) 

Jo 

= f f*e 2 «+i(0(l + e 2ni(k+2+d ^' )/3 + e *xcfcf2 + ^,)/3 ) 5l(f )/( f ) &> (49) 
Jo 

f 

Jo 



= | ^Q 2 n+i(0(l + + )/3 } Jf (50) 





Proof. It is easy to check that Q„(z), Q n (e 3 z)/e 3" and (2n(z) satisfy the same orthogonality conditions. By unique- 
ness, these polynomials must be equal, so (l46*T l holds. If we write (O-© in terms of [0, or], we obtain (l47Ti-(l50il. □ 

Lemma 2.3. Let n\,n 2 be non-negative integers, and assume that P\,P 2 are polynomials, not both identically equal 
to zero, such that deg P \ < n\ - 1 anddegP 2 <n 2 - \. Then the functions 

H x (t):=P x (t) + P 2 (t)ftftfi), f>0, (51) 

H 2 {t):=Pi{t)t + P 2 (f)ftf(ft), f>0, (52) 
have at most n\ + n 2 — 1 zeros on (0, 00), counting multiplicities. 
Proof. Let cr be a finite positive measure with compact support in M, and let 

' dcr(x) 



/dcr(. 
Z-- 



Lemma 5 in ]8[] asserts that { 1 , cr) forms an AT system on any closed interval AcR disjoint from Co(supp(cr)), the 
convex hull of supp(cr). This means that for any multi-index (n\,n 2 ) e Z 2 , and any pair of polynomials n\,n 2 with 
deg7Ti < «i — 1, deg n 2 < n 2 - 1, not both identically equal to zero, the function it\ + n 2 <x has at most n\ +n 2 -l zeros 
on A, counting multiplicities. By d43l > we know that H 2 (t) = t(P\(t) + P 2 (t)cr{t)), where cr denotes now the measure 
(s 2 (^/t)/3t 2 ^) dr supported on [-b 3 , -a 3 ], so the assertion concerning H 2 is valid. 

Let n\ > «2, and suppose that there exist polynomials P\,P 2 , not both identically equal to zero, such that H\ has 
at least n\ + n 2 zeros on (0, 00), counting multiplicities. We may assume that P 2 £ 0. Let T be a polynomial of degree 
n\ + n 2 that vanishes at n\ + n 2 zeros of H\ on (0, 00). H\ can be analytically extended onto C \ [-b 3 , -a 3 ], 



Hi(z) Pi(z) zP 2 (z) 



T(z) T(z) 3T(z) J_, 
By a standard argument this implies that 

" - v+1 P2(r)s 2 (fF) 



p fl3 S2(fr) dr = , 1 v 

J. b 3 Z-T T 2 ' 3 \ 2*2+1 )' 



= 

J-*3 



or, 0<v<« 2 -1» 



r(T) T 2 / 3 

contradicting the fact that degP2 < «2 - 1- If «i <n 2 , we use again this argument by contradiction, but now we divide 
H\(z) by T(z) <?(z) instead of T(z), and use the fact that 1 /<x(z) = l(z) + A<(z), where l(z) is a polynomial of degree one 
and p is a measure of constant sign supported on [-b 3 , -a 3 ] (see the appendix of 



Proof of Proposition ll.il Assume first that n = 3/, d<i n = 3 j. Then d471>-d48l> reduce to 



r*a pa 

= ? k Q2n{i)si{i)dt= t 3k Q 2n (t)tf(t)si(t)dt, 0<k<l-l. 
Jo Jo 

From d46*l > and the assumption d 2n = 3 j, we deduce that Q 2 „(t) = Q 2 „(t 3 ), for a polynomial Q 2n of degree j. Therefore, 

= J ^Q 2 „(T)5l(f?)^3=J T*a,,(T)fF/(fF)*l(fF)^, 0< fe< /- 1. (53) 

Suppose that £>2« has N < 21 sign change knots on (0, cr 5 ). Let Pi, P2 be polynomials of degree at most / - 1, 
(Pi, P 2 ) + (0, 0), such that H x {t) = Pi(£) + P 2 (t)^t f(*ft) has a zero at each point where Q 2n changes sign on (0, a 3 ), 
and a zero of order 21 - I - N at a 3 . By Lemma [2731 Hi has no zeros on (0, a 3 ] other than the 21 - 1 prescribed. 
Combining the two orthogonality conditions in d53l l we obtain 



Jo 



ffl(T)G 2n (T)*i(^)-^T = 0. 



T2/ 3 

This contradicts the fact that Hi Q 2 „ is real-valued and has constant sign on [0, a 3 ]. Applying (l46l l we conclude that 
Q 2 „ has exactly 2n simple zeros on So, 2n/3 of them are located on (0, a), and the remaining zeros are rotations of the 
zeros on (0, a) by angles of 2n/3 and 4n/3. 

Suppose now that n — 31 and d 2 „ = 3j + 1. We will reach a contradiction. In this case Q 2n (t) = f <22«(f 3 X f° r some 
polynomial £?2n of degree j. From ( l47l i and ( l48l i we deduce that 

= J ^(T)T S| (f?)^| T*fito(T)f?/(fF)*i(fr)^, 0<*</-l. (54) 

The polynomial has < j sign change knots on (0, cr 3 ). Since c?2n < 2n, we have j < 2/ — 1. Let P\,Pz be 
polynomials of degree at most / - 1, not both simultaneously zero, such that H 2 {t) = Pi(t)t + P 2 {t)^ft f(yt) has a 
zero at each point where Q 2n changes sign on (0, a 1 ) and has a zero of order 21 - 1 - N at a 3 . The same argument 
used before but now applied to H 2 shows that Lemma [231 and (l54l i yield a contradiction. Therefore d 2n = 3j + 1 is 
impossible if n is a multiple of 3. Similarly one proves that the assumptions n — 31 and d 2n = 3j+2 are not compatible. 

The cases n — 31 + 1 and n = 31 + 2 are handled in identical manner, showing in the first case that d 2 „ is of the form 
3j + 2 and Q 2n has 21 sign change knots on (0, or), and in the second case by showing that d 2n is of the form 3j + 1 and 
Q 2n has 2/ + 1 sign change knots on (0, a). 

The analysis for the polynomials Q 2n+ i is similar. The details are left to the reader. □ 

Corollary 2.4. The polynomials Q„ and the functions *F„ satisfy 

Q n {efz) = e^Q R {z), (55) 
Y„(^ Z ) = e -^ 1+2 ">*F„( Z ), (56) 

/or all n > 0. 

Proof. d55l ) follows from (|46| | and J„ = «. (1561 ) is an immediate consequence of OBI and the definition of □ 
Proof of Proposition 1 1.21 The initial conditions ( TTOb are immediate to check. For n > 1, 

Z£>2n = 2 2 «+l + £ 2 nQ2« + Hn-tQln-t + bln-lQln-l +'"• + b\Q\ + b Q , (57) 

and let us show that 

b 2n -3 = ^2«-4 = • • • = b\ = b = 0, (58) 

and 

b 2n = b 2n - x = 0. (59) 
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We prove 08l by induction. Let n > 2. If we integrate 07l i term by term with respect to si(f) dt, 0J and (0 imply 
that bo = 0. The fact that b\ — follows now by integrating 07! term by term with respect to /(f) si(f) off. Assume 
now that = bo = b\ = • • • = b 2 k = ^2t+i = for some k < n - 3. After multiplying 07] ) by z* +1 and integrating the 
resulting equation first with respect to si(t) dt, and then with respect to fit) s\(f) dt, we get b 2 k+2 = £>2i+3 = (observe 
that L t k+l Q 2k+2 {t) si(t)dt * and i t k+ l Q 2k+3 (0/(0 *i(0<** * 0), so (ED follows. 09) is immediate from 051). 

Analogously one shows that for n > I, zQ 2n +\ - Qin+i + fl2«+i Qin-u <*2n+i e M, so (O is justified. The formulas 
in (fTTT) follow directly from ((g). The positivity of the recurrence coefficients is proved later in Proposition l3.8l □ 

3. The functions of second type *P„ and associated polynomials g„,2 
Proposition 3.1. The following formula holds: 



*»(z)= (: — + ,! 3 + 4 ! 3 )Q„{t) Sl {t)dt, ziSt 
Jo Xf -z e~f-z e~t-z 



z e~i t - z e 3 f - z 

/n particular, for any integer k > 0, 



(60) 



™ ^ 2 r 63^(0^1(0 ^ 2 r 3 fet(fj)£i(jg) ^ 

^(z^Sz — ; ^—dt = Z ; =77, (61) 

Jo f - z Jo r - z j r z/d 

w - r 63^1(0^1(0 r 3 63t + l(^T)Jl(^) , „~ 

™3*+iU) = 3 t r flff= o?t, (62) 

Jo f J - r Jo t - z J 

w . rt&M®si® r 3 63^2(^)^1 m d T 

^3t+2(z) = 3z -5 5 dt = Z\ 5 TTT- ( 63 ) 

Jo t ~ z 3 JO T — Z ' 

Proof. The definition of *P n and the symmetry properties © and 051 ) give directly (160) . □ 
Proposition 3.2. For any integer I > 0, the following orthogonality conditions hold: 

= f Q r*Q 6 Kf?)5i(fF)^3, 0<fe< /- 1, (64) 

0= T*e« +1 (ff)ii(ff)dT, 0<*<Z-1, (65) 
Jo 

T k Qu + i{^) si(^) — , 0<k<l-\ 
= j Q r* Q 6 / +3 (f?) si(^) ^3, 0<*<Z, 

r 3 

0= 7*e6h4(^?)Ji(fr)rfT, 0<fc</-l, 
Jo 

t* e 6 / +5 (fF) Sl (^F) — , < k < 1. (69) 

Proof. Follows immediately from Proposition ^. 2l and the fact that d n = n for all n > 0. □ 
Corollary 3.3. The following estimates are valid as z — > 00: 

^(z) = O(^), TW(z) = 0{-^), * 6 , +4 (z) = 0(-^), (70) 
^ + 1(Z) = 0(^3), = Of-jL), ^ +5 (z) = O(J^). (71) 



(66) 
(67) 
(68) 



v z J 
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Proof. By ( TTZl i we know that f2«(z) = 0(1 lz n+l ), which implies ( l70b . We can improve the estimate x ¥2n+i(z) = 
0(l/z" +1 ) given in ( TTZl i. From Proposition l3.2l we deduce: 

r6»fi(fr)Ji(fr) J „/ i \ r ge^Cj^iCjg) ^ , 1 x f £W^i(^) ^ , 1 , 

J — — rfT = J — n — = J — — z — ^ = 

We conclude the proof now by taking into account the representations (16 It — 1631 . □ 



It is convenient to rewrite the orthogonality conditions in Proposition 12.11 in terms of the interval {-b 3 ,-a 3 ). 
Applying the symmetry properties ( T5oT l and (l42l . we obtain: 

Proposition 3.4. The functions *P„ satisfy: 

= J" r v ¥ 2 „(f)(l +e^ (v ~ 4 "~ 1) +e^ (v ~ 4 "~ I) )s 2 (0^, v = 0,...,n-l, 

t v Vin+iii) (l+e 2 ? {y -" ] + e-f {v - n) ) s 2 (t) dt, v = 0, . . . , n - 1. 
/« particular, for any integer I > 0, 

= J"' T*¥ a+J -(f^i4(f?)iL, < fe< /- 1, y = 0,3, (72) 
0= f T*T 6M+7 (ff) i2 (f?)dT, 0<fe</-l, y = 0,3, (73) 
° = J T k V (lM «R)s 2 «R)^, 0<k<l-l, 
o = f T k y 6M {<R)s2«R)^, o<k<i, 



(74) 
(75) 



-* 3 

As a consequence of (T72"1)-(l75l) we have: 



Corollary 3.5. For each j e {0, 1, 2, 3, 5), the function ^Vei+j has at least I sign change knots in the interval (—b, —a), 
and the function ^61+4 has at least I + 1 sign change knots in the interval (—b, —a). Therefore the functions ^6/+), j & 
{0, 1,2,3,5} have at least 31 zeros, counting multiplicities, in C \ So, and ^¥(,1+4 has at least 3/ + 3 zeros, counting 
multiplicities, in C \ So- 



Observe that the function *P„ satisfies the property *P„(z) = -^(z), z 6 C \ So- Considering this fact, Corollary 
13.51 and the symmetry property (l56b . it is easy to see that if ^6/+;, j e {0, 1, 2, 3, 5), has more than 3/ zeros in C \ So, 
counting multiplicities, then we can find a polynomial R6i+j with real coefficients and degree at least 31 + 3 satisfying: 

R 6l+j (z)=R 6 i +j (e^z), zeC, and ^ € H(C \ S ). (76) 

Similarly, if we assume that ^¥^1+4 has more than 3/ + 3 zeros in C \ So, counting multiplicities, then there exists a 
polynomial /?6/+4 with real coefficients and degree at least 31 + 6 such that d76l ) hold for j = 4. 

Proof of Proposition 11.31 Suppose that has more than 3/ zeros in C \ So, counting multiplicities. Let R(,i be a 
polynomial with real coefficients and degree at least 31 + 3 satisfying ( f76l l. By ( l70t . *f 6/(z) / 'Rei(z) = 0(1 /z 6M ) as 
z — > 00. 

Let r be a Jordan curve surrounding So such that the zeros of R^i lie outside T. By Cauchy's theorem, Fubini's 
theorem, and Cauchy's integral formula, for v = 0, . . . , 61 + 2, 

0= r z v|^ z= r ^-.L nj- + -j— + -j—)Q 6lit)slit)dtdz 

Jr Rbi(z) Jr R6i(z)2m Jo x t-z e~t-z e~t-z 
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Pi- 
Jo [ R(,i(t) 



| e 2m'v/3 g4m'v/3 

+ — + — J QsAt) si(t)dt, 



? 6/(0 Rate 2 ? i) R 6 i(e^t) 

and applying d76l >, we obtain 



0= I t 3k Q 6 ,(t)^-dt, Q<k<2l. 

Jo "6/(0 

Consequently, Q^i has at least 21 + 1 sign change knots in (0, a), contradicting Proposition ll.il This and Corollary 
l3.5l prove the claim for n = 61. In the remaining cases we use the same argument. Indeed, if ^(ii+j, j e {1, 2, 3, 5), has 
more than 3/ zeros in C \ So and v F6/+4 has more than 3/ + 3 zeros in C \ So, counting multiplicities, then we know (see 
discussion after Corollarv l3.5b that we can select polynomials R^i+j, 1 < J < 5 satisfying (l76i i such that, as z — > °°: 

IWZ) _ / 1 x tWyZ) _ / 1 x SWz) _ / 1 x ^6/ +4 (z) _ / 1 x gWz) _ / 1 x 
#6/ + l(z) 'z 6 ' +6 '' #6m(z) V'^' ^Wz) 'z 6/+7 ''' /Wz) 'z^' ^6/ +5 (z) 'z 6 ^' 

These estimates lead to the orthogonality conditions 

= f f 3i+2 e 6 / + iW^7^*= f ? k+l Qu+2{f)-p^-dt, 0<k<2l, 

J0 Jo K6l+2\t) 

= f f 3 *<26i +3 (0^7T^= f f^Qe^W^Tx^^ f t 1+1 e6 l+5 (0^-^ 0<*<2/+l, 

Jo "6Z+3W Jo %+4W Jo "6M-5W 

which contradict the number of zeros that the polynomials Qei+j, 1 < j < 5, have on (0, a) (see Proposition ll.lb . □ 

Recall that Q„2 is defined as the monic polynomial whose zeros coincide with the finite zeros of *P„ outside So- 
The argument shown above proves the following: 

Proposition 3.6. For each j e {0, 1, 2, 3, 5), deg(g6/+;,2) = 3/, and deg((26/+4,2) = 3/ + 3. Furthermore, 



Jo 

-f 

Jo 

r>+i 

Jo 



« 3 *C23j(0 7r%*. < fc< /- 1, (77) 

G3/.2W 



f 3 * +2 Qu + i(t) * l(t) ,. dt, 0<k<l-l, (78) 

y3/+i,2(0 

0= ( /' 'GsmCOtt^tt^, 0<jfc</-l, (79) 

G3Z+2.2W 



Proposition 3.7. The following formulas are valid for z € C \ So- ^f? w fl polynomial of degree at most 3k, then 



C a Qik(x)s y (x) , q(x) + q(e 3 x) + q(e 3 x) v 
Jo 63uO) e^x-z e^jc-z 



G3t,2(z) 

Ifdeg(q) <3k + 2, then 

q(zm k+l (z) = 

G3*+u(z) JO Wf3*+l,2W a-z e — x-z c — .V-: 



P" Qgt+iWflW / ff(g) | e"'q(e~"x) | e'V^i) ^ 
Jo G3*+i,2W ^-z e¥ x -7 eTj-7 ' 



(82) 



Ifdeg(q) < 3k + 1, f/je« 

g(z) v I < 3t+2(z) _ P" G3t+2W^iW / + + eTj(eTx) , 

G3*+2,2(Z) Jo G3fc+2,2W eTj-j e T!- z ' 

/n particular, we have 

Xcr 



63 t (z)^(z) ,r Gj^O jiW 
G 3W (z) Z Jo QswW * 3 -z 3 



Q3k + dzm k+ dz) = 3z r gj^iW X5 t (x) 

G3*+1,2\Z) Jo G3k+l,2W X 3 - Z 3 



= 3z£" ~ " ;I ^ ( /.r. i84) 



G3* + 2(z)*I'3 t+ 2(z) = 3 _3 r Qj k+2 (X) S1 (X) 
Qik+2,l{z) Jo G3t+2,2(^) x(x 3 - Z 3 ) 
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Proof. By (TTQb — (TTTb and Proposition l3.61 we know that if q is a polynomial of degree at most 3k, then 

— ; -— = O(-), Z -> oo. (86) 

G3*,2(Z) V Z ; 

For z e C \ So, let F be a Jordan curve surrounding So and oriented clockwise, so that z and the zeros of Qikz lie 
outside F. From (l86l l and ( f60b it follows that 

— — — — = - — I — — — = I Qihix) sAx)- — I — — h + —T-. \dtdx 

QiKiiz) 2mJ r Q ika (t) t-z Jo * '2mJ r Q 3ka (t)(t-z) [ x-t e ^f x _ t e ^ x _ f J 



f° Qu(x)s\(x) , q(x) q(e 2 "'x) + q{e" x) v 
Jo ^-Z e^rx-z e^x-z 



where in the last equality we used that Q^iit) = Qik^k e ~i) = Qik.ii^t). This proves ( 180b . The proofs of (l8Tl)-(l8"2li 
are identical. To obtain ( l83l and ( l84l i. we replace g in formulas (f80T > and (ISTT l by £>3/t and 23*+i> respectively. Formula 
(185b follows from ([82} by taking g(z) = Qn+i{z)lz. □ 

Proposition 3.8. 77ie recurrence coefficients {a„ }°° >2 that appear in (0 are aW positive. 

Proof. To prove that a 2 „ is positive it suffices to show that C* f" Q 2n (t) s\{t)dt > for all « > 0. Let n = 31. Since 
deg(f 3 ' Q 6U2 ) = 61, by 03 we obtain 

f f 3 ' Q6i(t)si(f)dt= f < 3 'f2s(Ofi6w(0 7r%*= f (&«7r%*> - 

Jo Jo U6l,2V) Jo \lU,2\t) 

For re = 3/ + 1, using (|79]l and deg (t y+2 Qet+2,2) =61 + 2, we get 

f 3 ' +1 e6; + 2(f)^l(0^= ? 3 ' +2 66/ + 2.2(0 6« + 2(0 , n , rt <ft= 6i +2 (o >n ' ^>o. 

Jo Jo t<j6t+2,2W Jo fy6/+2, 2 (0 

Finally, for n = 31 + 2, applying d78j and deg(f 3/+1 Q 6;+ 4 i2 ) = 6Z + 4, we obtain 

Jo Jo 86/+4,2W J() <j6l+4,2\t) 

It is easy to see that the functions satisfy the same recurrence relation (O. In particular, 

r^WO = ?W0 + o^i^iM- (87) 
Using Proposition l3.41 if we multiply d87b by an appropriate power of t and integrate, we obtain 

X— a p—a p-a p—a 

t Vx ¥ 6M (t)s 2 (t)dt = a 6M I t 3 '- 1 y 6 i- l (t)s 2 (t)dt, | f 3/+1 W 6l+3 (f) s 2 (t) dt = a 6M \ f 3 ' W 6M (f) s 2 (t)dt, 
b J-b J-b J-b 

f 3 ' +2 'WO fe« * = «6/+5 ? 3 ' +1 Si(0 A. 

b J-b 

On the other hand, it is easy to deduce from (f83l>— (l85T> that if t < 0, then 

Slgn 7T~7a) = ' Slgn iTi Frt) = ' Slgn 75 Fa) = • (88) 

y3t,2W v l«*+l,2W Uik+2.2\t)' 

Observe that since deg 26/-1.2 = 3/ — 3 and deg 26/+1.2 = deg Qa+xi = 3/, by the orthogonality conditions satisfied by 
the functions ^n+i and ( l88l l, we obtain: 

f ^'-'ViW^O*- f Qa-iaityVu-dVfsiWdt = f Ql l _ l2 (t)^^-t 1 s 2 (t)dt>Q, 

J-b J-b J-b ' U61-U2KV 

[ P'V 6M (t)s 2 (t)dt= [ Q(,i + i,2(tm M (t)s2(t)dt= [ Ql +l2 (t) ^ 6M(t ^ s 2 (t)dt>0, 

J-b J-b J-b ' tf«+l,2W 

f ( 3,+1, F» t 3(<)*!(0*= f 26^3,2(0^3(0^2(0*= f Ql M 2 (t) , t S 2 (t) dt > 0. 

J-b J-b J-b ' U6M.2V) 

This shows that a 2n+ \ > for all n > 1. □ 
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4. Interlacing properties of the zeros of Q„ and *P„ 



Proposition 4.1. Let A, B eRbe two constants such that \A\ + \B\ > 0, and let 

y B (z):=AzT„(z)+Bf„ +1 (z), (89) 

T„(z):=AzQ„(z)+BQ n+1 (z). (90) 

Then, for every n > 0, the function Y„ has only simple zeros on (— oo, 0). Similarly, for every n > 0, the polynomial T n 
has only simple zeros on (0, a). 

Proof. From (|72]i-(|75]) it follows that 

T*y 6i+ i(ff)5 2 (^7)rfT, < < /- 2, 0= T*y 6 i + 4(^i2(fF)rfT, 0<Jt</-l, 

= J 7*76^(^)52(^)^3, 0<fe</-l, ; = 0,3, 

° = J" T*F 6i+2+ /ff) i2 (f?)^, 0<fc<Z-l, ; = 0,3. 

Consequently, for each j € {0, 2, 3, 4, 5), the function Y(,i+j has at least / sign change knots in (-b, -a), and Y(,i + i 
has at least / - 1 sign change knots in (-b, -a). From (T56b it follows that for every n, y„(e^z) = C„ Y„(z), where C„ 
denotes a constant. Therefore, the functions Y^i+j, j e {0, 2, 3,4, 5} have at least 3/ zeros on S i, and Y6/+1 has at least 
3/ - 3 zeros on S i. For each < j < 5, let /?6/+y denote the monic polynomial whose zeros coincide with the zeros of 
Y(,i+j on Ei \ {0}. Then Rei+j satisfies (1761 1. Yq+jIR^+j £ H(C \ So), and using (|701i-(|7T1i we deduce that as z — > oo: 

Ye,(z) = ,U Y 6l+l (z) = / 1 s F 6 / +2 (z) = / 1 x 
* 6 /(z) V"' R 6 m(z) ^z 6 '- 1 '' R 6 i + 2(z) 'z 6 '^' 

«6i + 3(z) 'z 6 '^' «6i + 4(z) «6i + 5(z) 'z 6 '^' 

Let T again denote a Jordan curve surrounding So, such that the zeros of the polynomials Ru+j lie outside F. By (l60l . 

= (V — dz = T * v T u {x) (1 + e 2m '< v+I ^ 3 + e WD/3)ilW ^ v = 0, . . . , 6/ - 2, 
Jr ^6/(z) Jo fie/W 

which is equivalent to 

= I r 3t+2 Tf.i( x 

Similarly we obtain: 



0= f x ik+2 T 6 i{x)^\dx, 0<k<2l-2. (9!) 
Jo 



0= f x 3t+1 r 6/+1 (x) ^ l(X ' > dx, 0<k<2l-2, 0= f x M r 6;+5 (x) — dx, Q<k<2l. 

Jo ^6/+lW Jo ^6/+5(*) 



(92) 

0= | ^r 6/+2 «— ^rdx= I r^TVMOc) ~"~' dx= I r 6;+4 (x)— dx, 0<A:<2/-1, 

Jo "6Z+2W JO %3W Jo "61+4W 

(93) 

From d9"TT l it follows that T^i has at least 21-1 sign change knots in (0, a). Since T^(ze~) = e^~ T^(z), we see that 
any zero of T^i in (0, oo) must be simple, otherwise T^i would have at least 61 + 3 zeros, contradicting deg(76/) < 61+1. 
Similarly, using d92l-(l93l) we show that the polynomials T^i+j, 1 < j < 5, have only simple zeros in (0, oo). 

Now we prove that the functions Y„ have only simple zeros in (-oo, 0). We know that Y^ has at least I sign change 
knots in (-oo, 0). If we assume that Y^i has a zero of multiplicity > 2, then deg/Jy > 3/ + 6, and so we would have 

Y 6l (z)/R 6 ,(z) = 0(l/z 6,+6 ), z^oo. 

Reasoning as above, we arrive to the fact that deg > 61 + 3, which is impossible. Similarly we see that the zeros of 
Y(,i+j, 1 < j < 5, contained in (-oo, 0), must be simple. □ 
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Proof of Theorem IL"4l Let x e (0, a) and assume that Q n (x) = Q„+i(x) = 0. Take A = 1, B = -xQ'„(x)/Q' n+1 (x). For 
this choice of A and B, the polynomial T n defined by (|90T > satisfies T n (x) = 7^(x) = 0, contradicting Proposition l4.ll 

Let x e (0, a) be arbitrary but fixed. Take now A = Q„+\(x)/x and B = -Q„(x). For this choice of A and B, we 
have T n (x) = 0, therefore T' n {x) + 0, or equivalently 

Ln{x) ■- 6"+iW6"W + e ^ (jc) _ Gn(x) e ^ +i(x) + 

In particular, the sign of L„ is constant on (0, a). Evaluating L„ at two consecutive zeros of Q„ (Q„+i) on (0, a), we 
see immediately that there must be an intermediate zero of Q„+\ (£>„)■ 

The same argument proves the interlacing property of the zeros of *F„ and *F n+ i . □ 

Proposition 4.2. Let the roots of the polynomials Qa+u < i < 2, in the interval (0, a), be defined as follows: 

(3k+i) _ (3k+i) _ (3k+i) _ . (3*+0 . (3*+i) 

< x 2 < x \ < ■ ■ ■ < x k l <x\ 



Then 

xf k) < xf +1) < xf 5 < xf +1) < ■ ■ • < xf 5 < xf +1 \ 



(94) 

+1) < xf +2) < xf +1) < xf +2) <■■■< xf +1) < xf +2) , (95) 
xf +3) < xf +2) < xf +3) < xf +2) < • ■ ■ < xf +2) < xf + f\ (96) 

Proof. If we write 

23.-2(2) = bf -\ + ■■■+ Z' k - 2 , Q 3k (z) = C + • • • + Z 3 *, G 3i+ l (Z) = ^f + • • ■ + , 

from Q we obtain the relation bf ) - fcf +1) = fl 34 fcf ~ 2) . Vieta formulas show that 

h f> = (-i)^(xf > • ■ ■ x fy, bf k+i) = (-i) 3fe (xf +l) ■ ■ • xf 

and similarly bf k 2) equals (-l) 3t_1 times the product of all non-zero roots of Qik-z- Since a^ > and the product 
of all non-zero roots of Q3k~2 is also positive, we deduce that (xf ' • ■ ■ xf ') 3 < (xf +1) • • • xf +1) ) 3 . This inequality 
and Theorem 1 1 .41 imply ( |94| ). Similarly we show that (xf +1) • • • xf +1) ) 3 < (xf +2) • • • xf +2) ) 3 , which implies d95l l. 
Finally, ( 196b follows directly from Theorem ll.4l □ 

5. Ratio asymptotics of the polynomials Q n and Q„^ 

Let 

H„ := (97) 

Notice that H„ is real-valued on (— oo, 0) and has constant sign on this interval. Having in mind the definitions (TT3b— 
( TBI ), we have: 

Proposition 5.1. Let I > be an arbitrary integer. Then the following orthogonality conditions hold: 



SPu+fr W Ir J , J dT ' 0<k<l-l, 7 = 0,3, (98) 

Iff ^6Z+;(T)| 



J-b 1 

= T*P« + l; 
J-63 



It 2 / 3 ^/^^)! 



dT, 0<fe</-l, ; = 0,3, (99) 



\H bM m\s 2 m o<*<z-i, (ioo) 

|tP 6;+i (t)| 



*d / ^ l^6;+4(^)l ^2(^t) n^i^f nm\ 

t f«H2W TTi dT ' 0<k<l. (101) 

|tP 6/+4 (t)| 
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Proof. This orthogonality conditions follow immediately from (I72li-(l75b. □ 
Proposition 5.2. Let k > be an arbitrary integer. Then the following orthogonality conditions hold: 

0= rJ P 3k (T)^4^, 0<j<k-l. (102) 

= f T^ 1+ iW^-frfT, 0<j<jfc-l. (103) 

0= f T J P }k+2 (T)-^^-^dT, 0<j<k-l. (104) 
Jo P3k+2,2{T) 

Proof. This orthogonality conditions follow immediately from (l77li-(|79l). □ 



Observe that by Proposition 11.31 for each j e {0, 1,2,3,5), Pu+j,2 is a polynomial of degree /, and Pei+4,2 has 
degree Z + 1. By Proposition ll.il for each k > and j e {0, 1,2), P-sk+j has degree 
For each integer j > we let 

* . -( f ai p 2 (r) Sim dT Y m 



/ r'2 , ,£i«W , r 1/2 

V J() "3j+l,2(TJ y 
K 3j+ 2 := ( P lj + 2( T )p 7T dr j 



, Ji(fr) fr ,_ r i/2 
3 3j+2,; 

Similarly, we define for each integer 7' > the following constants: 



/ P D 2 , v l#3;(f?)l ,, rw v-1/2 

^3;,2 := ( ^, 2 (r) J ^2(^)^T , 

y ( C' 1 P 2 r ^ rV - w r'/ 2 

KW '^L P ^ (T) Vpl^ S2( ^ )dT ) ' 

1^37+2(^)1 _ ^ ^-'Z 2 

We need to introduce more notations. Let 



Y ( r^P 2 , ^ '^+2(^)1 , r . v- 



2 

/f„ := K„, K n , 2 := — -, (105) 

consider the polynomials 

p„:=K„P„, p, h2 : = K„ t2 P„,2, (106) 



and the functions 



h n :=K*H n . (107) 



Finally, we introduce the following positive varying measures: 

si(fr) dr si(fr)fr sidftfr 

ov 3 /t):=- — 7t ~ ttT' «v 3j+ i(t) := 7- c/v 3j+2 (t) := tx^t, (108) 

, .. \h 3 0f)\ f3r ^ A ^ \h J+l (fF)\ \h v+2 m\ ,, rw 

av3; 2 (r) := — — s2(yT)dT, dv 3 j + i 2 (j) := S2v\T)dT, dv 3 j+2 2 (j) '■- -^r, S2(vT)«t. 

\f?P3j(T)\ J ' \tP 3 j +1 (t)\ 3j+2 ' 2V \t 2 ' 3 P 3J+2 (t)\ 
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Proposition 5.3. The polynomials p n and p, h2 are orthonormal polynomials with respect to the measures dv n and 
dv nt 2, respectively. This is, for every n > 0, 



3 _3 

1= r P 2 n (T)dv n (T), 1= r p 2 n2 (r)dv n , 2 (T), 

JO J-i 3 



3 3 

/-»cr r*-a 

= t j p„(t) dv„(r), for all j<degp„, = t j p„ a (r) dv„^(T), for all j<degp„ a . 

Jo J-& 

Proof. It follows immediately from Propositions 15. Il and l5. 21 □ 
Using d83l-(l85l>. it is easy to check that the functions h n have the following representations: 

«3*(z) = z T dv 3k {T), %+i(z)=z T-dv3k+i(V, h 3k+2 (z)=z t- dv 3j t+2(T). 

Jo t-z Jo t-z j Jo T-z i 

(109) 

Lemma 5.4. Assume that si > a.e. on [0, a], and s 2 > cz.e. on [— i, —a]. 7/zen 

pl(T)dv n ( T ) - d J , r e [O.a 3 ], (110) 

^ 2 (t)<zV», 2 (t)^1 = , T€[-b\-a 3 l (111) 

" V(-a 3 - t)(t + 6 3 ) 

Consequently, the following limits hold uniformly on closed subsets ofC \ So ■ 

lim%(z) = (112) 

lim n 3 *+i(z) = . Z (113) 

*-«o ^3 _ a 3) z 3 

lim % +2 (z) = (1 14) 

fc-»oc ^( z 3 _ a 3) z 3 

where the branch of the square root is taken so that yfx > for x > 0. 
Proof. Let us define the measures 

dp3k(f) = dr, dp3 k+l (r) = c/yu 3j t +2 (r) = si(^fr)frdT. 

According to Definition 2], for each z e {0, 1,2} and k eZ, the system ({4u 3 /+j}, {.P 3 /+i, 2 }, £)/>i is strongly admissible 
on [0, a 3 ]. So by fi Corollary 3], 



r r' tf^ 2 , , ^3/ + ,(t) 1 f 3 . dr 
lim f(r) P3i +i (r) - = - /(t) — , 

'^°°Jo ^3/+w(t) ?rJo -J^ 3 - r)r 



for every / continuous on [0, a 3 ]. Since flfv 3 / + ,(T) = ^3; +i ( T )/^ > 3/+i,2(i"), ( II 101 ) follows. The formulas (11 12b - (ll 141) are 
a consequence of ( 11 101 ) and ( 11091 1. 

Similarly, if we define the measures 

, , , , \h3k(fr)\ r fet+iCj^l , fcj t j , , l«3t+2(fr)| 3/ - 

dA 3 it(T) = — — — s 2 (i/T)dT, dA 3k+ i(T)= — S2(i/T)dT, dhk+iKV = — -r— — s 2 (yT)dT, 

\fr\ M |t 2 ' 3 I 

then for each z e {0, 1,2} and each e Z, the system ({of/l 3 / + ,}, {|-P 3 /+,-|}, /c) is strongly admissible on [— fc 3 , — a 3 ], and 
(111 II) follows as before. □ 
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For each i s {0, . . . , 5), we consider the families of rational functions 

' /Wz) 1 Pewit) 

By Theorem ll.4l these families are uniformly bounded on compact subsets of C \ [0, a 3 ] and C \ [-b 3 , -a 3 ], respec- 
tively. Therefore, by Montel's theorem there exists a sequence of integers AcNso that for each i e {0, . . . , 5), 

lim^ = F®( Z ), zeC\[0,A (116) 

teA P 6k+i (z) 

]hn P l k+i+1 'ff =m z ), zeC\[-a 3 ,-b 3 ], (117) 

where the limits hold uniformly on compact subsets of the indicated regions. Our goal is to show that we obtain the 
same limiting functions F®, no matter which convergent subsequences we take. 

Taking into account the degree of P n and P n ,i, from (11 16b - (ll 17t we deduce: F® and 1/F® are analytic in C \ 
[0, or 3 ], F? and 1 /F® are analytic in C \ [-b 3 , -a 3 ], and as z — > oo, 

(• F®(z) = l+0(1/ Z ), ie {0,1,3,4}, 
F®(z) = z + 0(l), ie{2,5}, 

F®(z) = 1 + 0(l/z), i € {0, 1,2), (118) 
F®(z) = z + 0(1), ie{3,5}, 
Ff{z) = Hz + 0(\lz 2 ). 

Given a Borel measurable function w > defined on the interval [c, d] that satisfies the Szego condition 

, lQgVV( ° 6 L\dt), 
V(d - t)(t - c) 

let 

(£ /-c \,2z-c-da ~ r' log w(f) c/f , 
S(w;z):=exp — — J( — -1 

denote the Szego function on C \ [c, d] associated with w (see In particular, if w is continuous at x e [c, c/] and 
w(x) > 0, then the limit 

lim|S(w;z)| 2 = -J- (119) 

holds. We will indicate this below by writing \S (w; x)| 2 w(x) - 1. 

Throughout this section we are always assuming that s\ > a.e. on [0, or], and S2 > a.e. on [— b, -a]. If 
/„ e //(Q), O c C, the notation 

lim/„(z) = F(z), z e Q, A c N, 

neA 

stands for the uniform convergence of /„ to F on each compact subset of Q.. 
By (fT02l-(fT03l we have: 

0= I Tjp bk (T)d Vbk (T), 0<j<2k~l, 



f 

Jo 

0= T J 

Jo 



F6*+l(T)g 6 *(T)rfv 6 ^T), <j< 2k- 1, 



where ^ 6i (r) := TP bka (T)/P 6k+U2 (T). Using (II 17b . 



T 



limg M (r) - — — , uniformly on [0,a 3 ] 
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Since deg(P6*t) = deg(P6*+iX applying [5, Theorem 2] (result on relative asymptotics of polynomials orthogonal with 
respect to varying measures), we obtain 

^TffT=^ zeCUOV], (120) 

P 6k (z) Sf\oc) 1 

where S is the Szego function on C \ [0, a 3 ] associated with the weight t/F^(j), t e [0, a 3 ]. 
By Proposition l5.2l we have: 



r*ar 

= 

Jo 

r 3 

0= T> 

Jo 



T J P 6 k + 2(T) dv 6k+2 (T), < j < 2k - 1, 



f 6*+3(t) ^6A:+2(t) <iv 6 jfc+2(T), < j < 2k, 

where g^k+iif) '■— P6k+2,i(j) I (jP6k+^,iWi)- Let P* 6k+2 be the monic polynomial of degree 2k orthogonal with respect to 
the measure dv 6k+ i(j) = g6k+i(j) dv 6k+2 (T). Since deg(P* /t+2 ) = degCP 6 *+2), again by [5, Theorem 2] we obtain 

)to^!2LL = iLL t zeC\[0,a 3 ], 

feA P bk+2 {z) Sf\oo) 

where S f is the Szego function on C \ [0, a 3 ] with respect to the weight 1/(tF^ (t)). 

Let 0i denote the conformal mapping that maps C \ [0, a 3 ] onto the exterior of the unit circle and satisfies <p\(oo) = 
oo and <p\(o°) > 0. Then, by [5, Theorem 1] (result on ratio asymptotics of polynomials orthogonal with respect to 
varying measures) we have 

P(,k+-i(z) _ <pi(z) . ^ , rn 3, 



Therefore, we conclude that 



limi^^ = -777^ z€C\[0,a 3 ]. 

keA P 6k + 2& 



Pm +3 (z) _ Sf\z) 0!( Z ) _ ~ (2) 



Pbk + l{z) sf\oo) (f>\(oo) 1 



The same arguments used before show that 

l^^l!±^ = lpL=F?(z), zeC\[0,a\ ie {1,3,4}, (122) 

,. P6k+6(Z) Sf } (z) <p x {z) — (5) „, rft 3, 

lim- — = — __=i?^( z ) ) zeC\[0,(f J ], (123) 

/Ws(z) 5 ( j 5) (oo) ^i(°°) 

where S^.sf^sf, andSf are the Szego functions on C \ [0, a 3 ] with respect to the weig hts 1 /Ff\r), t/F®\t), 
\/F ( 2 \t), and 1/(tF ( 2 \t)), respectively. 

Applying now the orthogonality conditions from Proposition 15.11 and (11 12l) - (ll 141) . we deduce: 



Pa +i+l a(z) = Spz)_ = z€ c\[-b\-a\ ie {0,1.2}, (124) 

*eA P 6A . +i - 2 (z) S®(00) 2 
.. ^Wi+l,2(z) 5 2°( z ) <f>l(z) v ^ „ . r ,3 3, . 

I'm — — = — —77 — r — F 2 (z), zzC\[-b\-a 3 ], ;e{3,5), (125) 

P(,k+S2(z) S~ (00) (h'Joo) . 
teA P 6t+4 ,2(Z) 5 2 4) (z) 02(Z) 2 
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where sf \ . . . , S 2 , are the Szego functions on C \ [-b 3 , -a 3 ] associated with the weights 

l M l l I^ 4) (t)| i 



\tF';"(t)\ \F\ 1 '(t)\ \FY>(t)\ \tF\»(t)\ M ' |F®>( T )| 

respectively, and <p2 is the conformal mapping that maps C \ [-b 3 , -a 3 ] onto the exterior of the unit circle that satisfies 
the conditions 4>2{°°) - 00 and 4>' 2 (oo) > 0. 

Proposition 5.5. There exist positive constants cj? so that the functions F? := ci F? satisfy the following boundary 
value conditions: 

l F i°( T )| 2 -?S— = 1 - Te (°>« 3 ]' ' = °' 3 > ( 127 ) 
Fj (t) 

F®(T) 

I F 1V)| 2 — ^ = 1, re(0,a 3 ], Z = 2,5, (129) 
tF^(t) 

|F®(t)| 2 5j— = 1, re [-ft 3 , -a 3 ], Z = 0,3, (130) 

|tFJ j (t)| 

Ml 2 -It— = 1. ^e[-^ 3 ,-« 3 ], '=1,4, (131) 

l F f( T )l 2 ^— = 1, re[-& 3 ,-a 3 ], Z = 2,5. (132) 

Proof. It follows from the relations (1120l i- (11261 l, the definition of the Szego functions S 9 and (11 19K that there exist 
positive constants caf, w®, such that 

|F®(r)| 2 —J— = "4. re(0, ff 3 ], Z = 0,3, (133) 
Fy(r) u>\' 

\F?(t)\ 2 — L- = -L ^e(0,a 3 ], Z = 2,5, (135) 
tF^(t) 

|^(t)| 2 1 = 4n' T€ [-* 3 -- fl3 ]. / = ' 3 ' ( 136 > 

^ )(T)|2 ^K = 4)' ^ e H> 3 ,-« 3 ], '=M, (137) 
|F} ; (t)| 

|F]V)| 2 = -4, re[-b 3 ,-a\ 1 = 2,5, (138) 
\F\'(t)\ o)\' 

cof = (Sf (oo)) 2 , for Z = 0, 1,3,4, (139) 

= (5 ( j (oo) 0;(oo)) 2 , for Z = 2,5, (140) 

= (S®(oo)) 2 , for Z = 0,1,2, (141) 

of = (5®(oo)^(oo)) 2 , for Z = 3,5, (142) 

4 4) = l/(5* 4 V)^(cx,)) 2 . (143) 
The positive constants cj? that satisfy the requirements are c® = [(cJf , ) 2 cJ?] 1 ^, cf = [cJP^cJP) 2 ] 1 ^, I = 0, . . .,5. □ 
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where 



In order to prove the uniqueness of the limiting functions F ) , we need to use Lemma 1331 below. More general 
versions of this result can be found in (see Lemma 4.1) and ^ (see Proposition 1 . 1 ), so we omit the proof. 

Let us first introduce some notations. Assume that Ai, A2 are disjoint compact intervals in R, and let C(A,) denote 
the space of real-valued continuous functions on A,-. We write u = {u\,U2)' € C if u\ e C(A2), 112 e C(Aj). Given 
Mi e C(A2), let 7*2,1 (u\) be the harmonic function in C \ A2 that solves the Dirichlet problem with boundary condition 

Tz,\{u{){x) = mi(x), x € A 2 , 

and given M2 e C(Ai), let Ti^iui) denote the harmonic function in C \ Ai that solves the Dirichlet problem with 
boundary condition 

Ti,2(u2)(x) = m 2 (x), jcgAi. 



Consider the linear operator T : C — > C defined as follows: 

T 



T U2 
T 2 ,i 



and / : C — > C the identity operator. The auxiliary result is the following 
Lemma 5.6. Ifu e C and (21 - T)(u) = 0, then u = 0. 

Now we prove that the limiting functions do not depend on the sequence A c N for which ( 111 6b — d 1 1 7b hold. 
Proposition 5.7. The limiting functions F9 are unique for every j 6 {1,2} and i 6 {0, . . . , 5). 

Proof. For each fixed i e {0, . . . , 5), by Proposition l5.5l the functions log |Fj |, log \F^ \ satisfy 

2 log |ff(T)| - log \Ff(r)\ = log \fi(r)\, t € (0, a 3 ], 

(144) 

- log |F®(t)| + 2 log \Ff ( T )| = log \gi(j)\, t e [-b\ -a\ 
where f(j),gi(T) equal l/r, 1, or t, depending on the value of i. Assume that the functions G™, satisfy 

]hn P l k+M ® =Gf(z), zeC\[0,a\ 
keA' P bk+i (z) 

hm — — = G\\z), zeC \ [-a\ -b% 



for some other subsequence A' c N. As before, we can find positive constants d\ ,dy so that the functions Gj 
dj G® satisfy the same system (I1441 i. If we define the functions 

m := log \F?\ - log |G?|, m 2 := log \F®\ - log |G®|, u = (m, u 2 )\ 

observe that mj is harmonic in C \ [0, a 3 ], M2 is harmonic in C \ [-b 3 , -a 3 ], and they are also bounded in the corre- 
sponding regions. Moreover, 

( 2hi(t) - m 2 (t) = 0, re (0, a 3 ], 

(145) 

[ -Mi(t) + 2m 2 (t) = 0, re [-b 3 , -a 3 ]. 

Let Ai := [0, a 3 ], A2 := [-b 3 , -a 3 ]. From ( 1145b and the (generalized) maximum-minimum principle for harmonic 
functions, we obtain that 2mi - Ti^wj) = on C \ Ai and 2m2 - 7*2,1 (mi) = on C \ A2. In particular, (27- T)(u) = 0, 
so by Lemma lBTol we get mi = on A2 and M2 = on Aj . Therefore T\^(u2) = on C \ Aj and T^i^i) = on C \ A2, 
implying that u\ = and u 2 = 0. From |F (0 | = |G (0 | it easily follows that c l . = d\ and Ff = Gf. □ 
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Proof of Theorem 11.51 The existence of the limits (fl~6b — (TTTb follows from the normality of the families ( 11 151 l and 
Proposition l5.7l The polynomials P„ satisfy: 



Pikiz) = Pik+i(z) + a 3k P 3k - 2 (z), Pu+iiz) = Pik+iiz) + a 3k+l P 3k ^(z), zPu+iiz) = Pik+iiz) + a 3k+2 P3 k (z), 
and so ( fT6l l implies that the following limits hold: 

Hm a 6k+i = F { ;- 2) (z)F ( '- l \z)(l - F®(z)), i e {0, 1, 3,4), (146) 

K— iOO 

lim a 6k+i = F { '- 2) (z)F ( i- l) (z)(z - F® (z)), i e {2, 5), (147) 

k— >oo 

where these relations are valid for every z 6 C \ [0, a 3 ] (F^ = Ff \ F ( ^ 1 ^ = F^). 
We have: 

^ i_2) (z)^f _1) (z)(l - Ff(z)) = -Cf + 0(l/z), z -» oo, z s {0, 1, 3,4), 

F ( 1 '" 2) (z)F ( /- 1) (z)(z - Ff(z)) = -C® + 0(1/2), z -» oo, j E {2, 5), 

and so (Q~8]l follows from d!46M147> . (|20])-([22| is a direct consequence of ([T6j»— <[T7]> . □ 

Proposition 5.8. Assume that the hypotheses of Theorem \1.5\ hold. Then the polynomials p n ,p n ,2 defined in ( liOol i 
satisfy for each i 6 {0, . . . , 5): 

Pbk+i+l(z) _ Ji)-p(i) 
P6k+i(z) 

P6k+i+l,l(z) _ j n _ iP , , .,.! 

*-»«> pbk+niz) 

uniformly on compact subsets of the indicated regions, where 



l im y0K+,+l ^ = KfFfiz), Z e C \ [0, a 3 ], (148) 



(0 / (0 ■ 1 r, 

k = Jar- , 7 = 1,2, 

anrf //ze constants (Jy are defined in ( 1739l )-( li4il ). Consequently, for the leading coefficients k„, k„^ defined in M05\ 
we have: 

.. K 6k+i+\ (i) „ cm 

hm = k\, (150) 

k^cc K6k+i 

hm = k\ . (151) 

k^cc K6k+i,2 

In addition, the following limits hold uniformly on compact subsets o/C \ (So U S i): 

^ + , + i(z) 1 F?(z 3 ) . 
hm — — = — — — — , i-0,3, (152) 

IWz) w« z 2 F®(z 3 ) 

SWi(z) 1 zf* 2 V) . ..... 

hm = — - — , ; = 1,2,4,5. (153) 

*~» Tawfe) W W ^(z 3 ) 

Proof. Using the same argument employed before and Theorems 1 and 2 from [5], we obtain 

lim P6k +i+ i(z) =s u (z)f zeC \[0,a 3 ], i = 0,1,3,4, 

k^™ P6k+AZ) 



]im ^4r- =Sf(z)Mz), zeC\[0,a 3 ], / = 2,5, 

P6k+i(z) 



P(,k+i+\,l(z) _ c (j),_, _ ^ > , /v ; 

t-»oo P6k+i,l(z) 
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Km ^'"^ = yWfe), zeC \[-/ J 3 ,-fl 3 ], i = 0,1,2, 



Yim P 6k+M .i(z) =s ® z sC\[-b\-a\ j = 3,5, 

k-^«> P6k+i,2(Z) 



lim = (Sf (z)Mz)r\ zeC\ [-b\-a\ 

P6k+4,2(Z) 

so d 148b and j 149b follow. ( 1 150b — d 15 lb are immediate consequences of d 148b — ( IT49b . 
Observe that by d97l ) we can write 



so dT3Qb — dT3Tb together with Lemma El and TheoremO imply ( fT52l -( fT53b . □ 

Proof of Proposition [LSI We first show that a® > for all i. If a (0) = 0, then <fl46b implies Ff ) = 1, and using ( fT27T i 
we obtain that f!, 0:i (z) = z on C \ [-b 3 , -a 3 ], contradicting ( 11 18b . If = 0, then again by ( 1146b we get Ff = 1, and 
so by ( fT28l > we have F^ = 1, contradicting ( foil If a (2) = 0, then from (fl?7] > it follows that fJ 2) (z) = z on C \ [0, a 3 ], 
and so ( 1129b implies that f!, '(z) = z, which is impossible. Similar arguments show that a (,) > for i 6 {3, 4, 5}. 
Now we prove simultaneously that F^z) = zFj 0) (z) and fP = Fj . Let 

«i(z) := log |F< 2) (z)| - log |z ff>(z)|, u 2 (z) := log |lf } (z)| - log |Ff (z)|. 

Then mi is harmonic in C \ [0, a- 3 ] and M2 is harmonic in C \ [-b 3 , -a 3 ]. By ( 1130b and (1132b we see that 112 is bounded 
on C \ [-b 3 , -a 3 ] . Taking into account the definitions of the functions S f and S (2) , the boundedness of u\ is equivalent 
to the boundedness of the expression 

1 C 2n ^\e i6 + l/0i(z)i , 

T" R a //I , iog(i +cosfl)de-iogki, zt[o,a\ 

2n Jo l e>° - 1/0] (z) J 
which follows trivially from the identity 



1 f e + w 

— R[— llog|l+*'V0 = log|l+w|, 



Iwl < 1. 



Now Proposition l5.5l implies that 2u\(t) - U2(t) = for r e (0, a 3 ], and — Wi(t) + 2u2(t) = for t g [-& 3 , -a 3 ]. As 
in the proof of Proposition l5.7l this yields u\ = 0, 112 = 0. Similarly one proves that Ff(z) = zF?(z) and Ff = F? . 
From (El, (H), and (O, it follows that a (0) = a (2) and a {3) = a {5 \ We have by (fT46ll-(fl47]> that 

Ff(z)Ff(z)(z - Ff) = a< 2 >, F$ 4) (z)Ff >(z)(l - F? >) = a®. 

Since a (0) = a (2) and F] 2) (z) = zF< 0) (z), we deduce that zFf } Ff = F^Ff 5 , or equivalently F^Ff > = ffff. The 
other two relations in d24l > follow immediately using this equality and (l23l . 

The relations in d27l > are an easy consequence of (1241 and (1127b -( [T2"9l >. Now, d25T > is obtained by dividing appro- 
priate relations from (1146b — (1147b . one by another, and taking into account (l24l . The equality a (0) + = a (3) + a (4) 
follows immediately from F^Ff = Ff Ff. 

We next show that the functions F ( f, i £ {0, . . . , 5}, are all distinct. If i e {0, 1 , 3,4), then evidently F® + Ff and 
Ff + Ff. IfFf = Ff, then (fl33l and (TT34b imply that 

F«(r) o^l 



= 4w7* re(0,a 3 ], 



F] 0) (r) <>- 

which is contradictory since Ff/Ff is holomorphic outside [-b 3 ,-a 3 ]. The same argument proves that Ff + 

Ff,Ff + Ff\ and Ff + Ff '. If F® = Ff\ then (fl33l imphes thatFf = Ff, which is impossible (cf. (fTTSV ). 

•(i) ?C2) . F(5) 



Similarly (using now ( 1134b and ( 1135b ) we see that F] ± F\ and FJ ^ fj- 
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Now we show that the functions F ( f, i e {0, 1,3, 4), are all different. If we assume that Fl 0) = M , then (11361 ) 



( fTTTl ) imply that 



— jrrr T , T € [-Z? 3 , -fl 3 ] 

i^i (t) i 4 



It follows that F^iz) = z 2 Ff\z), which is impossible. The other cases are justified just by looking at the Laurent 
expansion at infinity. 

By ( l25b we see_thata (0) + a (3) and + a {A) . Now we show that a m + a (3) . Applying ( 11461 ) for i = and the 
relation F^Fj 2 ' = Fj 4) F f\ we get 

From this relation and ( 11461 ) (for i = 4), we obtain 



^(1-^0 = ^^(1-^). 



Applying the first two equations from (125b . we derive that 



F?>(1 - F?>) = ^ (1 - F«)(Ff - 1) + ^ (1 - F\\ (154) 

If we assume now that a (l) = a (3) , then ( 11541 ) yields (1 - Ff } )/(1 - F^ } ) = a (0) /a (1) . But from ( 11461 ) we know that 

(l-ff)ff _q(0) 

hence F | 4) = Fj 0) , which is contradictory. Therefore # a (3) , and so by ( l28l ) we also obtain that a (0) # a (4) . □ 
Corollary 5.9. The following relations hold: 

, , (0) , - , , (3) , , (4) / , (0) - , P , , (3) - , , (5) 

. .(0) ,(D _ (3) ,(4) (0) _ (2) (3) _ (5) 

2 2 — 2 2 ' 2 — 2 ' 2 — 2 ' 

Proof. All these relations follow immediately from the relations established in Proposition ll.6l and the boundary value 
equations dl33b -( fT35l ) and (!136l )-( fT38l ) (multiply or divide appropriately these equations, one by another). □ 

6. The Riemann surface representation of the limiting functions Fy 



We will give now the proof of Theorem ll.7l Before doing so, we need some definitions and comments. Let 

G ^:=^, G^:=^, 0^j<5. 

Recall that the conformal representation iftofR onto C satisfies (TSOt-OTT). As a consequence, we have ijj(z) - i^(z). 
This property implies in particular that 

: ! \ (A* u A* + i) — > I, k = 0,1,2, A = A 3 = 0, 

and 

fa(x±) = fa(x T ) = fa+i(x±), xeA k+l . (155) 
So all the coefficients in the Laurent expansion at infinity of the branches fa are real. Given a function F that satisfies 

F(z) = C z k + 0(z k - 1 ), CeR\{0}, z -> oo, 
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we use the symbol sign(F(oo)) to denote the sign of C (i.e. sign(F(oo)) = 1 if C > and sign(F(oo)) = -1 if C < 0). 

The function tffQ tyi is analytic and bounded on C, so this function is constant. Let us denote this constant by C 
(we will reserve in this section the letter C for this constant). So we have 

(<Ao <Ai ^)(z) = Q 0A *Ai <A 2 )(z) si, z e C. (156) 
Proposition 6.1. The following relations hold: 



„(0,3), > sign((^i^ 2 )(«>)) (^1^2)(Z) „(0,3). , sign(t/r 2 (°°)) iMz) 
i fe> = • G 2 (z) = ^T75 ■ (L " 7) 



Proof. By (TTSTl and (fT30b we have 



-(0,3)/ 
^2 ^ 

l G 2°' 3) ( T )| 2 (0 31 = X ' T 6 [ - &3 ' " fl3] - (159) 

|Gf 3) (T)| 

Observe also that Gj°' 3) and G^ ' 3 ' are bounded on C \ Ai and C \ A2, respectively. Let us call vi and v 2 the functions on 
the right hand side of the relations (1157b . respectively. The function v 2 is positive on Ai = [0, a 3 ] since sign(v'2(°o)) = 
1 . Using ([T55ll-([T56l for any x e (0, a 3 ), 



v 2 (x) sign((A2(oo))iA2W|C| |C| \C\ 

i.e. vi and v'2 satisfy ( 1158b on (0, a 3 ). On the other hand, for x e {-b 3 , -a 3 ), 

|v 2 (x ± )| 2 hfcOtOI 



IviWI |<Ai(x ± )| 



1. 



so vi and V2 also satisfy ( 1159b on (-£> 3 , -a 3 ). Finally, the same argument used to prove Proposition 15 .71 yields the 
validity of ( fT57b . □ 

Proof of Theorem 1 1.71 By Proposition ^, ll we have: 

ft*) 

^ = ^ = ^1^2 = 1/^0, (160) 

F (0) 

|§)=^ (161) 
^2 



From the first relation in (1251 1 and (1160b . simple algebraic manipulations show that 



a 



1 a«Vo - a (3) ' ' fl( ( Vo-a (3) ' 



The representations of F j 2) and f j follow immediately from the relations F f\z) = zFf\z) and F f\z) = zF f\z). 
The relation F^'/F^ = if/o and (l25b prove the representations of F^ and Fj 4) . 
Recall that 

z¥„( Z )=¥„ +1 +a n Y„_ 2> «>2. (162) 

Therefore, if we define the functions 

£/%):= lim ^ + ' + ; ( f , Z6 C\(S US 1 ), < i < 5, 
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(by Proposition l5 . 81 we know that such limits exist) then we know by ( 1162b that 

a® = U {i - 2) {z)U {i - l \z){z - t/ (i) (z)), < ; < 5, 
where we understand that t/ ( ~ 2) = t/ <4) , U^ l) = U®. In particular, applying (11521 > and ( 11531 ) we obtain for i = 0. 1.4.5. 

1 F (5) (z) F (4) (z) F i0) (z) 

(0) = 1 ^2 W*_2 Wt *2 W \ 

1 ^ (z)^ 2 (Z), 1*2 (Z) v 

<> w f fffe)*f( z ) 1 c^FfV' 



where these identities are valid for every z e <C\([-b 3 , -a 3 ]U[0, a 3 ]). If we apply the relations a (3) = a (5) , F j 5 ' = zFf\ 
?(5) _ po; 

2 _ ^2 



F, 5) = ff \ from ( fT63l and lfl66l we obtain 



a% 1 Ff( Z ) J? Ff\z) 
Z aO)\ w f) F ( 5)(z) j w ( 5) ^ w (0) F (o )(z) j- 



Using dl6U and substituting in this expression the functions Fj 0) and F® by their representations in terms of the 
branches fa, we get 

(fL _ A = (fl (0) <Ao(z)-a (3) ) / a (0) _ ^ 3) iA2(zKFf (z) 

^ (3) w f)J (fl W)_ a C3)) ^(3)^ (z) J") i ' 



The factors in the right hand side of this equation never vanish on C \ ([0, or] U [—6 , -a ]), and so we can write 

^ z(^-fKV°)- a ' 3 ') 

F2(Z)= (^o( Z )-^)(^-^)' 
If we move z to the left hand side and evaluate at infinity we obtain 



and so the Riemann surface representation for F 2 3) follows. This also proves the representation for the functions 
F] 5) ,Ff, and Ff. 

From ( 1164t and (1165b we derive the relation 

(1) F< 4 ) ,,( 2 ), ,(3) 

« (4)l a>fFf> J®a>f K cJ^'' 

From Corollary E9] we know that cjfuf = (JpoJ®. Since F^/F^ = ¥f /F® = ^ 2 and '/F^ = l/fa = fafa, 
we get 



flW = Ff , qd) 

« (4) F™V><i 4) W ?>' 
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Evaluating at infinity we obtain the relation 

,,m 

7(4) - aW ' 



and so we can write 

F(4) 



1 -(<-i)/<y 



Therefore, the Riemann surface representation of F\ ' follows from that of F { ' and the representation of F 2 follows 
from the relation F^ = faF, 



2 - VLL 2 ' 

Now from (1167b and Corollary 15. 91 we get 



<-*-jh3S- (169 » 



If we evaluate both sides of the equation (I1661 l at infinity we obtain 

fl (« =a (3) = ^_ (1 _l /w f)), 

a> \ to ] 

and so ( 1 1691 ) gives a/ ] 4 ' ) = (a <0) - a (3) )/(a (0) ) 2 . Finally, from Corollary 15. 9| and the above computations we deduce that 

J® = <yf > = - a(")/(A (4) ). □ 

Remark 6.2. 5/nce Wj 1 ' > 0, it follows from i!68\ that a (4) > a m . 
Proof of Proposition 1 1.81 It is straightforward to check that the function 

x(z) = - yd +z)) - «A(^ (0) ), »<ro e R, 

is a conformal representation of the Riemann surface S constructed as % d29b but formed by the sheets 

<S :=C\Hu,-l], 5i:=C\([-/i,-l]U[l,A]), 5 2 :=C\[1,A], 
where A and yU are defined in ( 1321 ). ^ also satisfies 



Ar (z) = z + 0(1), z 



oo 



(I) 



and has a simple zero at oo (0) e iS. Observe that ^(oo (2) ) = -t^(oo (0) ) (the reader is cautioned that in this relation, 
oo< 2 > s S and oo ( °) s <R). 

X and «S are the type of conformal mappings and Riemann surfaces analyzed in [ 1 1]. It follows from Theorem 
3.1] that^(co< 2 >) = 2/HiP), where H and /3 are described in the statement of Proposition 11.81 (the uniqueness of /3 and 
y is justified in [11]). So^(z) = i//(-a 3 (l + z)/2) + 2/HQ3). It also follows from ifTTl Theorem 3.11 that the function 
w - H(J3)x(z) - 1 is the solution of the algebraic equation 

w 3 - (H(J3)z + ©i - ©2 - h)w 2 - (1 + 0j + 2 )w + H(J3)z -h = 0, 



where ©i , 02, and h are the constants described in the statement of Proposition ! 1.8 1 Simple computations and a change 
of variable yield immediately that w = tfr(z) is the solution of the equation ( 1331 ). □ 



7. The nth root asymptotics and zero asymptotic distribution of the polynomials Q„ and g„, 2 

It is well-known (see [ 14]) that if E c C is a compact set that is regular with respect to the Dirichlet problem, and 
<p is a continuous real- valued function on E, then there exists a unique Ji e M\{E) satisfying the variational conditions 



V*(z) + 4>{z) 



= w, z e supp(7i), 
> w, z e E, 
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for some constant w. The measure p is called the equilibrium measure in the presence of the external field <p on E, and 
w the equilibrium constant. 

Recall that we defined Ai to be the positive, rotationally invariant measure on Su whose restriction to the interval 
[0, a] coincides with the measure s\(x) dx, and we defined A2 to be the positive, rotationally invariant measure on S 1 
whose restriction to the interval [— b, -a] coincides with the measure S2(x) dx. 



Lemma 7.1. Suppose that A\, A 2 e Reg. Then the measures 

■dr, sitfd-frdr, re[0,a 3 ], (170) 



T 



■2/3 



, , rw *2(fr) i2(fr) 3 3 

S2(yT)dT, — — dr, — ——dr, re [-b ,-a ], (171) 



are also regular. 



Proof. Let 7T„ be the nth monic orthogonal polynomial associated with A 1 , i.e. tt„ is the monic polynomial of degree n 
that satisfies 

f 7T„(?) = 0, 0<&<rt-l. (172) 

It is immediate to check that 

2ni 2nin 

n n (e 3 z) = e 3 n n (z). 
We deduce from this property and (1172b that the polynomials 

ITmCVt), ^_ , T 2/3 • 

are precisely the monic orthogonal polynomials of degree k associated, respectively, with the measures 

Sj ^p-dT, Si(^)dT, s^)T 2/3 dT. (173) 



We also have: 



£ \n 3k (t)\ 2 dA,(t) = JT (^(^)) 2 "-^-dT, 
Js„ Jo Vt 7 



So taking into account (see H 1 3l Theorem 5.2.5]) that 

cap(supp(/lj)) = cap(supp(p)) 1/3 , 

where cap(A) denotes the logarithmic capacity of A, and p is any of the three measures in J 173b . the regularity of A\ 
implies the regularity of the three measures in ( 1173b . 

Let l n denote the nth monic orthogonal polynomial associated with the measure dp\(j) := Si(-^r) ifrdT, and let 
T„ be the nth Chebyshev polynomial (see IU3I1 . page 155) for the set E : = supp(pi). We have 



( J l 2 n (T)d Pl (T)) 112 <( j T 2 n {T)d Pl {T)) lil <\\T n \\ EP ,{E) 



1/2 

where \\T„\\e denotes the supremum norm of T n on E, and so by II 31 Corollary 5.5.5] we obtain 

limsup ||yV" < lim ||r„||^ = cap(supp(pi)). (174) 
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If we call /„ the nth monic orthogonal polynomial associated with the measure dp2(r) :- s\(^/t)t 2 ^ dr, we have 

( Jli(T)dp 2 (T))" 2 <a U2 ( J ll{T)d P ,{T)f\ 

and so the regularity of p 2 and (1174b imply the regularity of p\. Similar arguments show that the measures in ( 1171b 
are regular. □ 

Proof of Theorem ll.lOl Recall that if P is a polynomial, we indicate by pp the associated normalized zero counting 
measure. Let j e {0, . . . , 5} be fixed, and assume that for some subsequence AcMwe have: 



Consequently, 



f*P**j — * Pi e Mi(Ai), fPmja "^^e Wti(A 2 ). 

hm 1 log \P 6k+j {z)\ = - V'fe), z e C \ Ai, (175) 

feA 2K 

Hm ^ log |/W;, 2 (z)l = - Jv«fe), z € C \ A 2 , (176) 

uniformly on compact subsets of the indicated regions. 

We know by Proposition 15 .21 that there exists a fixed measure dp supported on Ai {dp is one of the measures in 
(fTTOb ) such that 

= f T jp 6k+j (T) dp{T ] 0<j<deg(P 6k+j ). (177) 

J A, P6k+j,2(T) 

We know by Lemma I7TT1 that the measure dp is regular. If we apply 10, Lemma 4.2] (taking, in the notation of J3l, 
dcr = dp, <p2k = 1 IP(,k+j,2 and (f> = — (1/4) y 2 ), we obtain from ( 1176b and ( 1177b that yUi is the equilibrium measure in 
the presence of the external field (f> = — (1/4) \^" 2 , hence 

j C = Wi, re supp^ui), 

V"'(t)- -V«(r) (178) 
I > wi, re Ai, 



and 



where the measure dv(,k+j is defined in (1108b . 

By Proposition l5.ll there exists a fixed measure drj (drj is one of the measures in (1171b ) supported on A 2 such that 



1 



l%+/(fF)l 

t j P bkH 2(r) ' ,\ , *7(t), < j < deg(P 6 , +j , 2 ). ( 1 80) 



The function ft&fc+/ is defined in ( 1107b . We also know by Lemma I7TT1 that drj is regular. Taking into account the 
representations ( 1109b and the fact that p„ is orthonormal with respect to dv„ (see ( 1106b and Proposition l5.3b , it follows 
that there exist positive constants C\ , C 2 such that 

Ci < |A6fcfj(fr)| < C 2 for all t e A 2 . 

So applying again Lemma 4.2] (now take dcr = ^(t) = |/^+j-(-^|/|P6*+./(t)| and 4> = -V'X we get from 
(1180b and ( 1175b that yu 2 is the equilibrium measure in the presence of the external field <p = — V 1 , and so 

f = W 2 , T € SUpp(/i 2 ), 

W)- v^th (i8i) 

I > W 2 , T € A 2 , 
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and 

J P 2 6kH2 (T)dv 6kH2 (T)) 1/2k = e- w \ (182) 

where the measure dv^k+fi is defined in (1108b . 

By ( 1178b and (118 It . the vector measure (ji\,H2) solves the equilibrium problem determined by the interaction 
matrix (l33T > on the intervals A; , A2. Since the solution to this equilibrium problem must be unique, ( l34l l follows. ( 1179t 
and ( 11821 ) imply (f38l> — (f39b. Finally, d36*b-(l37b are an immediate consequence of ( 1341 ). □ 

Proof of Proposition 1 1.121 By Theorem ll.5l we know that the following limit holds: 

ze C\S . 



ze C\S , 



zeC\S . 

So d40b is proved. The same argument proves d4lT ). □ 
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G^) = ^- f(z3)) 

Therefore we obtain that 

5 

lim|C2 fi it(2)l 1/ * = ni^iV)l, 

k— >oo 11 
i=0 

and by Corollary 1 1.1 H it follows that 

._A 
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